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Abstrat
We onsider multidimensional dierential systems (total dierential systems and partial
dierential systems) with R-dierentiable oeients. We investigate the problem of the exis-
tene of R-holomorphi solutions, R-differentiable integrals, and last multipliers. The theorem
of existene and uniqueness of R-holomorphi solution is proved. The neessary onditions
and riteria for the existene of R-dierentiable rst integrals, partial integrals, and last
multipliers are given. For a ompletely solvable total dierential equation with R-holomor-
phi right hand side are onstruted the lassiation of R-singular points of solutions and
proved suient onditions that equation have no movable nonalgebraial R-singular points.
The spetral method for building R-dierentiable rst integrals for linear homogeneous rst-
order partial dierential systems with R-linear oeients is developed.
Key words: total dierential system; partial dierential system; R-holomorphi solution;
R-differentiable rst integral, partial integral, and last multiplier; R-singular point.
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1. System of total dierential equations
1.1. Introdution
Let us onsider a system of total dierential equations
dw = X1(z, w) dz +X2(z, w) d z , (1.1)
where w = (w1, . . . , wn) ∈ Cn, z = (z1, . . . , zm) ∈ Cm; the entries of the n ×m matries
X1(z, w) = ‖Xξj(z, w)‖ and X2(z, w) = ‖Xξ,m+j(z, w)‖ are R-dierentiable [1, pp. 33  35;
2, p. 22℄ in a domain G ⊂ Cm+n salar funtions Xξl : G→ C, ξ = 1, . . . , n, l = 1, . . . , 2m;
dw = olon(dw1, . . . , dwn), dz = olon(dz1, . . . , dzm), and d z = olon(d z1, . . . , d zm) are
vetor olumns; the zj are the omplex onjugates of zj , j = 1, . . . ,m.
The notion of anR-dierentiable funtion is onsistent with the approah of I.N.Vekua [3℄
and G. N. Polozii [4℄ in the ase of one omplex variable and

E. I. Grudo [5℄ in the ase of
two omplex variables. Let u : V → C be a one variable R-dierentiable funtion on the
domain V ⊂ C. The funtion u is holomorphi if ∂
z
u(z) = 0 for all z ∈ V. The funtion
u is alled antiholomorphi if ∂zu(z) = 0 for all z ∈ V [1, p. 42℄. The funtion u is said
to be (p, q)-analytial if (p(x, y) − iq(x, y))∂
z
Reu(z) + i∂
z
Imu(z) = 0 for all (x, y) ∈ V
and p(x, y) > 0 for all (x, y) ∈ V [4℄. If ∂
z
u(z) + A(z)u(z) + B(z)u(z) = C(z) for all
z ∈ V, then we say that u is a generalized analyti funtion [3℄. In the ase of several omplex
variables, the theorem of existene and uniqueness of R-holomorphi solution for rst-order
partial dierential system was proved in [6℄. The spetral method for building rst integrals
of ompletely solvable multidimensional R-linear dierential systems was elaborated [7  9℄.
In this paper we study the problem of the existene of R-holomorphi solutions, R-dif-
ferentiable rst integrals, partial integrals, and last multipliers for total dierential systems
(Setion 1) and partial dierential systems (Setion 2). The artile is organized as follows.
In Subsetion 1.2 we dene the basi notions of R-holomorphi funtions and R-singular
points. There we also investigate some relations between them.
In Subsetion 1.3 we onsider the ompletely solvable total dierential system (1.1) with
R-holomorphi right hand side. The theorem of existene and uniqueness of R-holomorphi
solution (analogous to the Cauhy theorem) is proved.
In Subsetion 1.4 we investigate the problem of the existene of R-dierentiable integrals
and last multipliers for the system of total dierential equations (1.1). The neessary ondi-
tions and riteria for the existene of R-dierentiable rst integrals, R-dierentiable partial
integrals, and R-dierentiable last multipliers are given.
In Subsetion 1.5, for a ompletely solvable total dierential equation with R-holomor-
phi right hand side are onstruted the lassiation of R-singular points of solutions and
proved suient onditions that equation have no movable nonalgebraial R-singular points
(analogous to the Painleve theorem and Fuhsian's theorem).
In Subsetion 2.1 the neessary onditions and riteria for the existene of R-dierentiable
integrals and last multipliers of linear homogeneous partial dierential systems are given.
In Subsetion 2.2 the spetral method for building R-dierentiable rst integrals for linear
homogeneous rst-order partial dierential systems with R-linear oeients is developed.
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1.2. R-holomorphi funtions
Denition 1.1. A funtion g : D→ C, D ⊂ Cm, is said to be R-holomorphi at a point
z0=(z
0
1 , . . . , z
0
m)∈ D if there exists a neighborhood U(z0)⊂D of the point z0 suh that in this
neighborhood the funtion g an be represented by the absolutely onvergent funtion series
g(z) =
+∞∑
k1+l1+...+km+lm=0
c
k1ll...kmlm
m∏
j=1
(
zj − z0j
)kj(zj − z 0j )lj for all z ∈ U(z0), (1.2)
where c
k1ll...kmlm
∈ C and the exponents kj and lj are nonnegative integers.
The term R-holomorphi is introdued by analogy with the term R-dierentiable. Indeed,
it follows from the absolute onvergene of the series (1.2) that the real and imaginary parts
in the representation g = u+iv of an R-holomorphi funtion are real holomorphi funtions
in a neighborhood of the point (x0, y0), where x0 = Re z0 and y0 = Im z0.
Denition 1.2. A funtion g : D → C, D ⊂ Cm, is said to be onjugate to the R-holo-
morphi funtion (1.2) at a point z0 ∈ D if in some neighborhood U(z0) ⊂ D of the point
z0 the funtion g an be represented by the funtion series
g(z) =
+∞∑
k1+l1+...+km+lm=0
c
k1ll...kmlm
m∏
j=1
(
zj − z 0j
)kj(zj − z0j )lj for all z ∈ U(z0). (1.3)
We an readily see that this is well dened, sine the sets of absolute onvergene of the
funtion series (1.2) and (1.3) oinide; moreover, g is R-holomorphi at the point z0.
Sine an R-holomorphi funtion of m independent variables zj , j = 1, . . . ,m, an be
obtained from a holomorphi fution of 2m independent variables uj and vj , j = 1, . . . ,m,
via the orrespondene
uj 7→ zj , vj 7→ zj, j = 1, . . . ,m, (1.4)
we have the following assertions.
Proposition 1.1. Let funtions g1 : D→ C and g2 : D→ C, D ⊂ Cm, be R-holomorp-
hi at a point z0 ∈ D. Then the relations
g1(z) + g2(z) = g1(z) + g2(z), g1(z) · g2(z) = g1(z) · g2(z),
(1.5)
Dzj g1(z) = Dzj g1(z), Dzj g1(z) = Dzj g1(z), j = 1, . . . ,m,
are valid in some heighborhood U(z0) ⊂ D of the point z0.
Proposition 1.2 [10, p. 33℄. If a funtion that is R-holomorphi in a domain D ⊂ Cm
identially vanishes in some neighborhood U ⊂ D, then this funtion identially vanishes in
the entire domain D.
Corollary 1.1. If two funtions R-holomorphi in a domain D ⊂ Cm oinide in some
neighborhood U ⊂ D, then they oinide in the entire domain D.
This orollary allows one to use the method of R-holomorphi ontinuation for an R-ho-
lomorphi funtion and hene onsider multivalued R-holomorphi funtions.
Denition 1.3. An R-holomorphi funtion g : D→ C, D ⊂ Cm, is said to be R-regular
at a point z0 ∈ D if
rank
∥∥∥∥∥ Dz1g(z0) . . . Dzmg(z0) Dz1g(z0) . . . Dzmg(z0)Dz1g(z0) . . . Dzmg(z0) Dz1g(z0) . . . Dzmg(z0)
∥∥∥∥∥ = 2;
otherwise, it is said to be R-singular.
The possibility of R-holomorphi ontinuation allows one to onsider R-singular points,
that is, points in a neighborhood of whih an R-holomorphi funtion does not admit an
R-holomorphi ontinuation.
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Let an R-holomorphi funtion g :D→ C take the value g(a)= ga at a point a∈ D⊂Cm
and satisfy the equation Φ(g, z) = 0, where Φ is an R-holomorphi funtion of its arguments
in the neighborhood of the point (ga, a) ∈ V ⊂ Cm+1; moreover, Φ(g, a) 6≡ 0. The point a
is referred to as an algebrai ritial R-singular point of the funtion g if∣∣∂gΦ(ga, a)∣∣2 − ∣∣∂ g Φ(ga, a)∣∣2 = 0
and the funtion g is not R-holomorphi at the point a.
Suppose that an R-holomorphi funtion g : D → C has the form g(z) = 1/f(z) and
f(a) = 0; in this ase, the following denitions will be used: 1) if the funtion f is R-holo-
morphi at the point a, then this point is referred to as an R-pole of the funtion g; 2) if a
is an algebrai ritial R-singular point of the funtion f, then this point is referred to as a
ritial R-pole of the funtion g. Algebrai ritial R-singular points, R-poles, and ritial
R-poles are referred to as algebrai R-singular points.
Let a point a be a nonalgebrai R-singular point of an R-holomorphi funtion g :D→ C.
In eah plane zj we take the irle |zj − aj | = rj, j = 1, . . . ,m, where a = (a1, . . . , am).
By △r we denote the set of values that are taken by the funtion g or to whih it tends for
its various R-holomorphi ontinuations into the polydisk |zj − aj | < rj , j = 1, . . . ,m. If
rj → 0, j = 1, . . . ,m, then the set △r tends to some limit set △ag. If △ag is a singleton,
then the point a is referred to as a transendental R-singular point of the funtion g. If the
set △ag ontains more than one point, then the point a is referred to as a △-essentially
R-singular point of the funtion g.
For example, the funtion g : z1 → z21+z1z1 for all z1 ∈ C is R-holomorphi on the entire
omplex plane C but is not holomorphi, sine on C there is no point in whose neighborhood
the Cauhy-Riemann onditions are satised. The point z1 = 0 is
a) an algebrai R-singular point for the funtion g(z1) =
√
z1 z1;
b) an R-pole for the funtion g(z1) = (1 + z1 + z1)/z1;
) a transendental R-singular point for the funtion g(z1) = ln(z1 + z
2
1);
d) a △-essentially R-singular point for the funtion g(z1) = exp(1/z1) (△0g = C by
analogy with the Sokhotskii theorem for an antiholomorphi funtion) and for g(z1) = z1/z1
(along any path L0 : k exp(iω0), 0 6 k<+∞, the funtion tends to exp(2iω0), for ω0∈ [0; 2pi)
these limit values form the irle |z1| = 1; therefore, △0g is not a singleton).
1.3.TheCauhyexistene anduniqueness theorem for anR-holomorphisolution
We assume that Xξl : G→ C, ξ = 1, . . . , n, l = 1, . . . , 2m, are R-holomorphi funtions
in the domain G. Moreover, we onsider system of total dierential equations (1.1) for the
ase in whih it is ompletely solvable, i.e., the Frobenius onditions
∂z
ζ
Xτj(z, w) +
n∑
ξ=1
(
Xξζ(z, w) ∂w
ξ
Xτj(z, w) + Xξ,m+ζ(z, w) ∂w
ξ
Xτj(z, w)
)
=
= ∂z
j
Xτζ(z, w) +
n∑
ξ=1
(
Xξj(z, w) ∂w
ξ
Xτζ(z, w) + Xξ,m+j(z, w) ∂w
ξ
Xτζ(z, w)
)
,
∂
z
ζ
Xτ,m+j(z, w) +
n∑
ξ=1
(
Xξ,m+ζ(z, w) ∂w
ξ
Xτ,m+j(z, w) + Xξζ(z, w) ∂w
ξ
Xτ,m+j(z, w)
)
=
(1.6)
= ∂
z
j
Xτ,m+ζ(z, w) +
n∑
ξ=1
(
Xξ,m+j(z, w) ∂w
ξ
Xτ,m+ζ(z, w) + Xξj(z, w) ∂w
ξ
Xτ,m+ζ(z, w)
)
,
∂z
ζ
Xτ,m+j(z, w) +
n∑
ξ=1
(
Xξζ(z, w) ∂w
ξ
Xτ,m+j(z, w) + Xξ,m+ζ(z, w) ∂w
ξ
Xτ,m+j(z, w)
)
=
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= ∂
z
j
Xτζ(z, w) +
n∑
ξ=1
(
Xξ,m+j(z, w) ∂w
ξ
Xτζ(z, w) + Xξj(z, w) ∂w
ξ
Xτζ(z, w)
)
for all (z, w) ∈ G, τ = 1, . . . , n, j = 1, . . . ,m, ζ = 1, . . . ,m,
are satised [11  13℄.
Theorem 1.1. If the funtions Xξl : G → C, ξ = 1, . . . , n, l = 1, . . . , 2m, are R-holo-
morphi at a point (z0, w0) ∈ G, then a ompletely solvable in the domain G system of total
dierential equations (1.1) has a unique solution w = w(z) R-holomorphi at the point z0
and satisfying the initial ondition w(z0) = w0.
Proof. Taking into aount properties (1.5), we onstrut the system onjugate to (1.1):
dw = X2(z, w) dz +X1(z, w) d z , (1.7)
for whih the omplete solvability onditions (1.6) onjugate to (1.6) are satised in the G.
The funtions Xξl : G→ C, whih are R-holomorphi in the domain G, an be treated
as funtions hξl : Ω→ C holomorphi in the domain Ω ⊂ C 2(m+n) and suh that
hξl(z, z, w,w ) = Xξl(z, w), ξ = 1, . . . , n, l = 1, . . . , 2m.
Using a orrespondene similar to (1.4), on the basis of dierential system (1.1)∪ (1.7)
under onditions (1.6)∪(1.6 ) we onstrut the system
dxξ =
2m∑
l=1
hξl(t, x) dtl, dxn+ξ =
m∑
j=1
(
hξ,m+j(t, x) dtj + hξj(t, x) dtm+j
)
, ξ = 1, . . . , n, (1.8)
with the independent variables (t1, . . . , t2m)= t and the dependent variables (x1, . . . , x2n)=x.
This is a ompletely solvable system, and therefore (e.g., see [14, p. 26℄), it has a unique
solution x = x(t) holomorphi at the point t0=(t
0
1, . . . , t
0
2m) and satisfying the initial on-
dition x(t0) = x0, where the point (t0, x0) ∈ Ω, (z0, z0) 7→ t0, (w0, w0) 7→ x0.
Sine w = ϕ1(z) and w = ϕ2(z) are solutions of system (1.1)∪(1.7) R-holomorphi at
the point z0, it follows that the funtions w = ϕ2(z) and w = ϕ1(z), R-holomorphi at the
point z0, are also solutions. Therefore, system (1.1)∪(1.7) under onditions (1.6)∪(1.6 ) has
the unique solution w = w(z), w = w(z) R-holomorphi at the point z0 and satisfying the
initial onditions w(z0) = w0 and w(z0) = w0. One an obtain it from the solution x = x(t)
of system (1.8) holomorphi at the point t0 and satisfying the initial ondition x(t0) = x0
with the help of the orrespondene used when deriving system (1.8).
Sine system (1.1)∪(1.7) splits into systems (1.1) and (1.7), it follows that the original
system (1.1) equipped with ondition (1.6) has a unique R-holomorphi solution at the point
z0 with the initial data (z0, w0) ∈ G.
Theorem 1.1 is a ounterpart of the well-known Cauhy theorem on a holomorphi solution
for the ase of R-holomorphi solutions; therefore, it is naturally referred to as the Cauhy
existene and uniqueness theorem for an R-holomorphi solution.
By [15℄, the ompletely solvable system (1.8) has no holomorphi solutions (exept for
the holomorphi solution of the Cauhy problem with the initial ondition x(t0) = x0 and
(t0, x0) ∈ Ω) that are not holomorphi at the point t0 and tend to x0 as tl → t0l along some
paths γl, l = 1, . . . , 2m. Just as in the proof of Theorem 1.1, hene we obtain the following
property of R-holomorphi solution of the system (1.1).
Theorem 1.2 [15℄. System (1.1) ompletely solvable in the domain G does not have an
R-holomorphi solution that is not R-holomorphi at z0 and tends to w0 as z → z0 along
some path γ, where (z0, w0) ∈ G.
1.4. R-dierentiable integrals and last multipliers
For the unambiguous understanding of our notions we follow [16, p. 29; 17, p. 81; 18; 19,
pp. 161  178℄ and introdue the denitions.
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An R-dierentiable on a domain G ′ funtion: i) F :G ′→ C; ii) f : G ′→ C; iii) µ : G ′→ C
is alled i) a rst integral; ii) a partial integral; iii) a last multiplier of the system of total
dierential equations (1.1) if and only if
i) XlF (z, w) = 0 for all (z, w) ∈ G ′, l = 1, . . . , 2m, G ′ ⊂ G;
ii) Xlf(z, w) = Φl(f ; z, w) for all (z, w) ∈ G ′, where Φl(0; z, w) ≡ 0, l = 1, . . . , 2m;
iii) Xlµ(z, w) = − µ(z, w) divXl(z, w) for all (z, w) ∈ G ′, l = 1, . . . , 2m,
where the linear dierential operators
Xj(z, w) = ∂zj +
n∑
ξ=1
(
Xξj(z, w)∂wξ +Xξ,m+j(z, w)∂wξ
)
for all (z, w) ∈ G, j = 1, . . . ,m,
Xm+j(z, w) = ∂zj +
n∑
ξ=1
(
Xξ,m+j(z, w)∂wξ +Xξj(z, w)∂wξ
)
for all (z, w) ∈ G, j = 1, . . . ,m.
The R-dierentiable rst integral F (partial integral f and last multiplier µ) of the
system of total dierential equations (1.1) is alled (s1, s2)-nonautonomous [20; 21℄ if
(i) F (f and µ) is holomorphi of m− s2 independent variables;
(ii) F (f and µ) is antiholomorphi of m− s1 independent variables.
The R-dierentiable rst integral F (partial integral f and last multiplier µ) of the
total dierential system (1.1) is alled (n− k1, n − k2)-ylindriality [10; 20; 21℄ if
(i) F (f and µ) is holomorphi of n− k2 dependent variables;
(ii) F (f and µ) is antiholomorphi of n− k1 dependent variables.
1.4.1. R-dierentiable partial integrals. Suppose the total dierential system (1.1)
has an R-differentiable (s1, s2)-nonautonomous (n−k1, n−k2)-ylindriality partial integral
f : (z, w)→ f(sz, kw) for all (z, w) ∈ G ′, (1.9)
where s = (s1, s2), k = (n−k1, n−k2). We an assume without loss of generality that f is an
antiholomorphi funtion of zs1+1, . . . , zm, wk1+1, . . . , wn and f is a holomorphi funtion of
z
js2+1
, . . . , z
jm
, w
ζk2+1
, . . . , w
ζn
(jβ ∈{1, . . . ,m}, β=s2+1, . . . ,m, ζδ∈{1, . . . , n}, δ=k2+1, . . . , n).
Then, in aordane with the denition of a partial integral,
Xlskf(
sz, kw) = Φl(f ; z, w) for all (z, w) ∈ G ′, l = 1, . . . , 2m, (1.10)
where Φl(0; z, w) = 0 for all (z, w) ∈ G ′, l = 1, . . . , 2m; the linear dierential operators
Xθsk(z, w) = ∂zθ +
k1∑
ξ=1
Xξθ(z, w)∂wξ +
k2∑
τ=1
Xζτ ,m+θ(z, w)∂wζτ
for all (z, w) ∈ G,
Xηsk(z, w) =
k1∑
ξ=1
Xξη(z, w)∂wξ +
k2∑
τ=1
Xζτ ,m+η(z, w)∂wζτ
for all (z, w) ∈ G,
Xm+jg ,sk(z, w) = ∂zjg
+
k1∑
ξ=1
Xξ,m+jg(z, w)∂wξ +
k2∑
τ=1
Xζτ jg(z, w)∂wζτ
for all (z, w) ∈ G,
Xm+jν ,sk(z, w) =
k1∑
ξ=1
Xξ,m+jν (z, w)∂wξ +
k2∑
τ=1
Xζτ jν (z, w)∂wζτ
for all (z, w) ∈ G,
θ = 1, . . . , s1, η = s1 + 1, . . . ,m, g = 1, . . . , s2, ν = s2 + 1, . . . ,m,
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with jg ∈ {1, . . . ,m}, jν ∈ {1, . . . ,m}, ζτ ∈ {1, . . . , n} (if Jg = {jg : g = 1, . . . , s2} and
Jν = {jν : ν = s2 + 1, . . . ,m}, then Jg ∩ Jν = Ø and CardJg ∪ Jν = m).
System (1.10) implies that the funtions from the sets{
1,X1θ(z, w), . . . ,Xk1θ(z, w),X ζ1,m+θ(z, w), . . . ,Xζk2
,m+θ(z, w)
}
, θ = 1, . . . , s1,{
X1η(z, w), . . . ,Xk1η(z, w),X ζ1,m+η(z, w), . . . ,Xζk2
,m+η(z, w)
}
, η = s1 + 1, . . . ,m,
(1.11){
1,X1,m+jg (z, w), . . . ,Xk1,m+jg(z, w),X ζ1jg(z, w), . . . ,Xζk2
, jg(z, w)
}
, g = 1, . . . , s2,{
X1,m+jν (z, w), . . . ,Xk1,m+jν (z, w),Xζ1jν (z, w), . . . ,Xζk2
, jν (z, w)
}
, ν = s2 + 1, . . . ,m,
are linearly bound
3
[22, p. 90; 23, pp. 113  114℄ on the integral manifold
f(sz, kw) = 0. (1.12)
Therefore the Wronskians of the funtions from the sets (1.11) with respet to zα, zjβ ,
and with respet to wγ , wζδ (α = s1 + 1, . . . ,m, β = s2 + 1, . . . ,m, γ = k1 + 1, . . . , n,
δ = k2 + 1, . . . , n) vanish identially on the manifold (1.12), i.e., the system of identities
Wχ
(
1, λXθ(z, w)
)
= Ψθχ(f ; z, w) for all (z, w) ∈ G, θ = 1, . . . , s1,
Wχ
(
λXη(z, w)
)
= Ψηχ(f ; z, w) for all (z, w) ∈ G, η = s1 + 1, . . . ,m, (1.13)
Wχ
(
1, λXm+jg (z, w)
)
= Ψm+jg,χ(f ; z, w) for all (z, w) ∈ G, g = 1, . . . , s2,
Wχ
(
λXm+jν (z, w)
)
= Ψm+jν ,χ(f ; z, w) for all (z, w) ∈ G, ν = s2 + 1, . . . ,m,
is onsistent. Here Wχ are the Wronskians with respet to χ (the variable χ ranges over
zα, α=s1+1, . . . ,m, zjβ , β = s2 + 1, . . . ,m, wγ , γ = k1 + 1, . . . , n, wζδ , δ=k2 + 1, . . . , n);
the number λ = k1 + k2; the vetor funtions
λXj : (z, w)→ (X1j(z, w), . . . ,Xk1j(z, w),X ζ1,m+j(z, w), . . . ,Xζk2 ,m+j (z, w)),
λXm+j : (z, w)→ (X1,m+j(z, w), . . . ,Xk1,m+j(z, w),X ζ1j(z, w), . . . ,Xζk2 j (z, w))
for all (z, w) ∈ G, j = 1, . . . ,m;
Ψlχ :G→ C are R-dierentiable funtions of z and w on the domain G and Ψlχ(0; z, w)≡ 0,
l = 1, . . . , 2m. Thus, the following theorem is valid.
Theorem 1.3. For the system of total dierential equations (1.1) to have a partial integral
of the form (1.9) it is neessary that (1.13) be onsistent.
Corollary 1.2. For the total dierential system (1.1) to have a (s1, 0)-nonautonomous
(n− k1, n)-ylindriality holomorphi partial integral of the form (1.9) it is neessary that the
system of identities (1.13) with s2 = 0, k2 = 0 be onsistent.
Corollary 1.3. For the total dierential system (1.1) to have a (0, s2)-nonautonomous
(n, n− k2)-ylindriality antiholomorphi partial integral of the form (1.9) it is neessary that
the system of identities (1.13) with s1 = 0, k1 = 0 be onsistent.
Corollary 1.4. For the system (1.1) to have an autonomous (n−k1, n−k2)-ylindriality
R-dierentiable partial integral f : w → f(kw) for all w ∈ Ω ′, Ω ′ ⊂ Cn, it is neessary that
the system of identities (1.13) with s1 = 0, s2 = 0 be onsistent.
3
Note that funtions (operators) are alled linearly bound on the domain G if these funtions (operators)
are linearly dependent in any point of the domain G.
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Let the system (1.1) satisfy onditions (1.13). Let us write out the system of equations
ψθs1 +
λϕ
[
λXθ(z, w)
]T
= Hθ(f ; z, w),
λϕ
[
∂p
χ
λXθ(z, w)
]T
= ∂p
χ
Hθ(f ; z, w), p = 1, . . . , λ,
λϕ
[
λXη(z, w)
]T
= Hη(f ; z, w),
λϕ
[
∂p
χ
λXη(z, w)
]T
= ∂p
χ
Hη(f ; z, w), p = 1, . . . , λ− 1,
ψgs2 +
λϕ
[
λXm+jg(z, w)
]T
= Hm+jg(f ; z, w), (1.14)
λϕ
[
∂p
χ
λXm+jg (z, w)
]T
= ∂p
χ
Hm+jg(f ; z, w), p = 1, . . . , λ,
λϕ
[
λXm+jν (z, w)
]T
=Hm+jν (f ; z, w),
λϕ
[
∂p
χ
λXm+jν (z, w)
]T
=∂p
χ
Hm+jν (f ; z, w), p=1,. . ., λ−1,
θ = 1, . . . , s1, η = s1 + 1, . . . ,m, g = 1, . . . , s2, ν = s2 + 1, . . . m,
where the vetor funtions
k1ϕ : (z, w)→ (ϕ1k1(sz, kw), . . . , ϕk1k1(sz, kw)), k2ϕ : (z, w)→ (ϕ1k2(sz, kw), . . . , ϕk2k2(sz, kw)),
λϕ : (z, w)→ (k1ϕ(z, w), k2ϕ(z, w)) for all (z, w) ∈ G;
Hl :G→ C are R-dierentiable funtions of z and w on the domain G and Hl(0; z, w)≡0,
l = 1, . . . , 2m. Let us introdue the Pfaan dierential equation
s1ψ(sz, kw)ds1z + s2ψ(sz, kw)d s2z + k1ϕ(sz, kw)dk1w + k2ϕ(sz, kw)d k2w = 0, (1.15)
where ds1z = olon(dz1, . . . , dzs1), d
s2z = olon
(
d z
j1
, . . . , d z
js2
)
, dk1w = olon(dw1, . . . , dwk1),
and d k2w = olon
(
dw
ζ1
, . . . , dw
ζk2
)
are vetor olumns; the vetor funtions
s1ψ : (z, w)→ (ψ1s1(sz, kw), . . . , ψs1s1(sz, kw)) for all (z, w) ∈ G,
s2ψ : (z, w)→ (ψ1s2(sz, kw), . . . , ψs2s2(sz, kw)) for all (z, w) ∈ G.
Theorem 1.4. A neessary and suient ondition for the total dierential system (1.1)
to have at least one partial integral of the form (1.9) is that the funtions
s1ψ, s2ψ, λϕ, and
Hl, l = 1, . . . , 2m, exist so that they satisfy system (1.14) and
(i) the Pfaan dierential equation (1.15) has an integrating fator;
(ii) the funtion (1.9) is a general integral of the Pfaan dierential equation (1.15).
Proof. Neessity. Let the total dierential system (1.1) have a R-dierentiable partial
integral of the form (1.9). Then the identity (1.10) holds. The vetor funtions
s1ψ : (z, w) → ∂s1zf(sz, kw), s2ψ : (z, w)→ ∂s2z f(
sz, kw) for all (z, w) ∈ G ′,
k1ϕ : (z, w)→ ∂
k1w
f(sz, kw), k2ϕ : (z, w)→ ∂
k2w
f(sz, kw) for all (z, w) ∈ G ′,
where ∂s1z= (∂z1 , . . . , ∂zs1), ∂s2z
=
(
∂
zj1
,. . ., ∂
zjs2
)
, ∂
k1w
= (∂w1 ,. . ., ∂wk1), ∂k2w
=
(
∂
wζ1
,. . ., ∂
wζk2
)
,
is a solution to system (1.14) for Hl(f ; z, w) = Φl(f ; z, w), l = 1, . . . , 2m, whih an be
shown by differentiating (1.10) λ times with respet to χ (θ = 1, . . . , s1, g = 1, . . . , s2)
and λ − 1 times with respet to χ (η = s1 + 1, . . . ,m, ν = s2 + 1, . . . ,m). Therefore the
R-dierentiable funtion (1.9) is a general integral of the Pfaan dierential equation (1.15).
Suieny. Let
s1ψ, s2ψ, λϕ be a solution to the system (1.14), and let the orresponding
Pfaan dierential equation (1.15) have an integrating fator µ : (sz, kw)→ µ(sz, kw) and the
orresponding general integral (1.9). Then
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∂s1z f(
sz, kw)− µ(sz, kw) s1ψ(sz, kw) = 0, ∂
s2z
f(sz, kw)− µ(sz, kw) s2ψ(sz, kw) = 0,
(1.16)
∂
k1w
f(sz, kw)− µ(sz, kw) k1ϕ(sz, kw) = 0, ∂
k2w
f(sz, kw)− µ(sz, kw) k2ϕ(sz, kw) = 0.
It follows from (1.14) and (1.16) that identity (1.10) is valid with
Φl(f ; z, w) = µ(
sz, kw)Hl(f ; z, w) for all (z, w) ∈ G ′, l = 1, . . . , 2m.
Consequently, the funtion (1.9) is a partial integral of the system (1.1).
Theorem 1.5. Let h systems (1.14) have q not linearly bound solutions
s1ψε : (z, w)→ s1ψε(sz, kw), s2ψε : (z, w)→ s2ψε(sz, kw),
(1.17)
λϕε : (z, w) → λϕε(sz, kw) for all (z, w) ∈ G ′, ε = 1, . . . , q,
for whih the orresponding Pfaan dierential equations
s1ψε(sz, kw) ds1z+ s2ψε(sz, kw) d s2z + k1ϕε(sz, kw) dk1w+ k2ϕε(sz, kw) d k2w = 0, ε=1, . . . , q (1.18)
have the general R-dierentiable integrals
fε : (z, w) → fε(sz, kw) for all (z, w) ∈ G ′, ε = 1, . . . , q.
Then these integrals are funtionally independent.
Proof. We have
∂s1z fε(
sz, kw) = µε(
sz, kw) s1ψε(sz, kw), ∂
s2z
fε(
sz, kw) = µε(
sz, kw) s2ψε(sz, kw),
∂
k1w
fε(
sz, kw) = µε(
sz, kw) k1ϕε(sz, kw), ∂
k2w
fε(
sz, kw) = µε(
sz, kw) k2ϕε(sz, kw)
for all (z, w) ∈ G′, ε = 1, . . . , q,
by virtue of (1.16). Therefore, the Jaobi matrix
J(fε(
sz,kw); sz, kw)=
∥∥s1Ψ(sz, kw) s2Ψ(sz, kw) k1Φ(sz, kw) k2Φ(sz, kw)∥∥,
where
s1Ψ=
∥∥µεψεθs1∥∥ is a (q×s1)-matrix, s2Ψ=∥∥µεψεgs2∥∥ is a (q×s2)-matrix, k1Φ=∥∥µεϕεξk1∥∥
is a (q × k1)-matrix, and k2Φ =
∥∥µεϕετk2∥∥ is a (q × k2)-matrix.
We have rankJ = q sine the solutions (1.17) are not linearly bound.
Consequently, the general R-dierentiable integrals of the Pfaan equations (1.18) are
funtionally independent. The proof of the theorem is omplete.
The Theorem 1.5 (taking into aount the Theorem 1.4) let us to nd a quantity of fun-
tionally independent (s1, s2)-nonautonomous (n− k1, n− k2)-ylindriality R-differentiable
partial integrals of the total dierential system (1.1).
For example, the system of total dierential equations
dw1 = (w
2
1 + w2w2) dz + (w1w2 + w2 w2 + (2 + z )w
2
2 ) d z ,
dw2 = (w2 w1 − (1 + z)w22 ) dz + w1(w2 + w2) d z
(1.19)
has the vetor funtions (see (1.11))
P1 : (z, w) →
(
w1w2 + w2w2 + (2 + z )w
2
2, w1 w2 − (1 + z )w 22
)
for all (z, w) ∈ C3,
P2 : (z, w)→
(
(w21 + w2 w2, w1(w2 + w2)
)
for all (z, w) ∈ C3,
and the Wronskians (see (1.13))
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Wz
(
P1(z, w)
)
= 0, W
z
(
P1(z, w)
)
= − w 22 (w2 + w2)(w1 + w2),
Ww2
(
P1(z, w)
)
= − (w1 + w2)(w1 w2 − (1 + z )w 22 ), Ww1
(
P1(z, w)
)
= 0,
Wz
(
P2(z, w)
)
= 0, W
z
(
P2(z, w)
)
= 0, Ww2
(
P2(z, w)
)
= w1(w1 − w2)(w1 + w2),
W
w1
(
P2(z, w)
)
= 0 for all (z, w) ∈ C3
vanish identially on the manifold w1 + w2 = 0 (see (1.12)).
Therefore a neessary ondition for system of total dierential equations (1.19) to have an
R-dierentiable autonomous (1,1)-ylindriality partial integral is omplied (Theorem 1.3).
The funtions ϕ1 : (z, w) → 1 for all (z, w) ∈ C3, ϕ2 : (z, w) → 1 for all (z, w) ∈ C3 is
a solution to system (1.14) for
H1 : (z, w)→ (w1 +w2)(w1 + w2) for all (z, w) ∈ C3,
H2 : (z, w)→ (w1 + w2)(w2 + w2) for all (z, w) ∈ C3.
The orresponding Pfaan dierential equation
dw1 + dw2 = 0
has the integrating fator µ : w → 1 for all w ∈ C2 and the general integral (Theorem 1.4)
f : (w1, w2)→ w1 + w2 for all (w1, w2) ∈ C2. (1.20)
Thus the system of total dierential equations (1.19) has the R-dierentiable autonomous
(1,1)-ylindriality partial integral (1.20).
1.4.2. R-dierentiable rst integrals. Suppose the system of total dierential equa-
tions (1.1) has a (s1, s2)-nonautonomous and (n− k1, n− k2)-ylindriality R-dierentiable
on the domain G ′ rst integral
F : (z, w) → F (sz, kw) for all (z, w) ∈ G ′. (1.21)
Then, in aordane with the riteria of a rst integral,
XlskF (
sz, kw) = 0 for all (z, w) ∈ G ′, l = 1, . . . , 2m.
Therefore the Wronskians of the funtions (1.11) vanish identially on the domain G, i.e.,
the system of identities (1.13) for Ψlχ ≡ 0, l = 1, . . . , 2m is onsistent in G.
We obtain the following statements.
Theorem 1.6. For the dierential system (1.1) to have a rst integral of the form (1.21)
it is neessary that (1.13) with Ψlχ ≡ 0, l = 1, . . . , 2m be onsistent in G.
Corollary 1.5. For the total dierential system (1.1) to have a (s1, 0)-nonautonomous
(n − k1, n)-ylindriality holomorphi rst integral of the form (1.21) it is neessary that the
system of identities (1.13) with Ψlχ ≡ 0, l = 1, . . . , 2m, and s2 = 0, k2 = 0 be onsistent.
Corollary 1.6. For the total dierential system (1.1) to have a (0, s2)-nonautonomous
(n, n−k2)-ylindriality antiholomorphi rst integral of the form (1.21) it is neessary that the
system of identities (1.13) with Ψlχ ≡ 0, l = 1, . . . , 2m, and s1 = 0, k1 = 0 be onsistent.
Corollary 1.7. For the system (1.1) to have an autonomous (n−k1, n−k2)-ylindriality
R-dierentiable rst integral F : w→ F (kw) for all w ∈ Ω ′, Ω ′ ⊂ Cn, it is neessary that the
system of identities (1.13) with Ψlχ ≡ 0, l = 1, . . . , 2m, and s1 = 0, s2 = 0 be onsistent.
The proof of the following assertions is similar to those of Theorems 1.4 and 1.5.
Theorem 1.7.For the system of total dierential equations (1.1) to have at least one rst
integral of the form (1.21) it is neessary and suient that there exist funtions
s1ψ, s2ψ, λϕ
satisfying to system (1.14) for Hl ≡ 0, l = 1, . . . , 2m, that the funtion (1.21) is a general
integral of the Pfaan dierential equation (1.15).
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Theorem 1.8. Let funtional system (1.14) with Hl ≡ 0, l = 1, . . . , 2m has q not
linearly bound solutions (1.17) suh that the orresponding Pfaan dierential equations (1.18)
have the general integrals
Fε : (z, w) → Fε(sz, kw) for all (z, w) ∈ G ′, ε = 1, . . . , q.
Then these integrals are funtionally independent.
The Theorem 1.8 (taking into aount the Theorem 1.7) let us to nd a quantity of fun-
tionally independent (s1, s2)-nonautonomous (n− k1, n− k2)-ylindriality R-differentiable
rst integrals of the total dierential system (1.1).
As an example, the system of total dierential equations
dw1 =
2
z
w2 dz −
( 1
z
w1 + 2w
2
2 + 2z w2 w1
)
d z , dw2 = − dz + z (w2 + z w1) d z (1.22)
has the funtions (see (1.11))
P1 : (z, w1, w2)→
(
1, − 1
z
w1 − 2w 22 − 2 z w1 w2, z( z w1 + w2)
)
for all (z, w1, w2) ∈ Ω,
P2 : (z, w1, w2)→
( 2w2
z
, − 1
)
for all (z, w1, w2) ∈ Ω, Ω ⊂ C3.
The Wronskians of the vetor funtions P1 and P2 with respet to z, w1, w2 vanish
identially on a domain Ω ⊂ {(z, w1, w2) : z 6= 0} ⊂ C3.
Therefore a neessary ondition for the total dierential system (1.22) to have an R-dif-
ferentiable (1,0)-nonautonomous (2,0)-ylindriality rst integral is omplied (Theorem 1.6).
The salar funtions
ψ1 : (z, w1, w2)→ w1, ϕ1 : (z, w1, w2)→ z, ϕ2 : (z, w1, w2)→ 2w2 for all (z, w1, w2) ∈ Ω
is a solution to system of equations (see (1.14) with Hl ≡ 0, l = 1, 2)
ψ1 −
( 1
z
w1 + 2w
2
2 + 2 z w1w2
)
ϕ1 + z(w2 + z w1)ϕ2 = 0,
− 2w1 w2 ϕ1 + zw1 ϕ2 = 0, − 2 z w2 ϕ1 + z z ϕ2 = 0, 2
z
w2 ϕ1 − ϕ2 = 0.
The orresponding Pfaan dierential equation
w1 dz + z dw1 + 2w2 dw2 = 0
has the general integral (Theorem 1.7)
F : (z, w1, w2)→ z w1 + w 22 for all (z, w1, w2) ∈ Ω. (1.23)
The Poisson braket[
X1(z, w),X2(z, w)
]
=
[
∂z+
2
z
w2 ∂w1−∂w2−
( 1
z
w1+2w
2
2+2 z w1 w2
)
∂
w1
+z( z w1+w2)∂w2 ,
∂
z
−
( 1
z
w1 + 2w
2
2 + 2z w2 w1
)
∂w1 + z (w2 + z w1)∂w2 +
2
z
w2 ∂w1 − ∂w2
]
=
=
(
1 + 2z w2( z w1 + w2 )
)(
2w2 ∂w1 − z ∂w2
)− (1 + 2 z w2(w2 + z w1))(2w2 ∂w1 − z ∂w2 )
is not the null operator on the domain Ω, i.e., system (1.22) is not ompletely solvable.
Thus the R-dierentiable (1,0)-nonautonomous (2,0)-ylindriality rst integral (1.23) is
an integral basis on the domain Ω of the total dierential system (1.22).
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1.4.3. R-dierentiable last multipliers. Suppose the system of total differential
equations (1.1) has a (s1, s2)-nonautonomous and (n− k1, n− k2)-ylindriality R-differen-
tiable on the domain G ′ last multiplier
µ : (z, w)→ µ(sz, kw) for all (z, w) ∈ G ′. (1.24)
Then, in aordane with the riteria of a last multiplier,
Xlskµ(
sz, kw) + µ(sz, kw) divXl(z, w) = 0 for all (z, w) ∈ G ′, l = 1, . . . , 2m. (1.25)
Using (1.25), we get
Wχ
(
1, λXθ(z, w),divXθ(z, w)
)
= 0 for all (z, w) ∈ G, θ = 1, . . . , s1,
Wχ
(
λXη(z, w),divXη(z, w)
)
= 0 for all (z, w) ∈ G, η = s1 + 1, . . . ,m,
(1.26)
Wχ
(
1, λXm+jg(z, w),divXm+jg(z, w)
)
= 0 for all (z, w) ∈ G, g = 1, . . . , s2,
Wχ
(
λXm+jν (z, w),divXm+jν (z, w)
)
= 0 for all (z, w) ∈ G, ν = s2 + 1, . . . ,m.
The proof of the following statements is similar to those of Theorems 1.3, 1.4, and 1.5.
Theorem 1.9. For the system of total dierential equations (1.1) to have a last multiplier
of the form (1.24) it is neessary that (1.26) be onsistent on the domain G.
Corollary 1.8. For the total dierential system (1.1) to have a (s1, 0)-nonautonomous
(n− k1, n)-ylindriality holomorphi last multiplier of the form (1.24) it is neessary that the
system of identities (1.26) with s2 = 0, k2 = 0 be onsistent.
Corollary 1.9. For the total dierential system (1.1) to have a (0, s2)-nonautonomous
(n, n−k2)-ylindriality antiholomorphi last multiplier of the form (1.24) it is neessary that
the system of identities (1.26) with s1 = 0, k1 = 0 be onsistent.
Corollary 1.10. For the system (1.1) to have an autonomous (n−k1, n−k2)-ylindriality
R-dierentiable last multiplier µ : w → µ(kw) for all w ∈ Ω ′, Ω ′ ⊂ Cn, it is neessary that
the system of identities (1.26) with s1 = 0, s2 = 0 be onsistent.
Theorem 1.10.For the system of total dierential equations (1.1) to have at least one last
multiplier of the form (1.24) it is neessary and suient that there exist funtions
s1ψ, s2ψ, λϕ
satisfying system (1.14) with
Hl : (z, w)→ − divXl(z, w) for all (z, w) ∈ G, l = 1, . . . , 2m, (1.27)
suh that the Pfaan dierential equation (1.15) has the integrating fator ν(sz, kw) = 1 for
all (z, w) ∈ G ′; in this ase the last multiplier is given by
µ : (z, w)→ exp
∫
s1ψ(sz, kw) ds1z + s2ψ(sz, kw) d s2z + k1ϕ(sz, kw) dk1w + k2ϕ(sz, kw) d k2w
for all (z, w) ∈ G ′.
Theorem 1.11. Let system (1.14) with (1.27) has q not linearly bound solutions (1.17)
for whih the orresponding Pfa equations (1.18) have the integrating fators νε(
sz, kw) = 1
for all (z, w) ∈ G ′, ε=1, . . . , q. Then the last multiplies of the total dierential system (1.1)
µε: (z, w)→ exp
∫
s1ψε(sz, kw) ds1z + s2ψε(sz, kw) d s2z + k1ϕε(sz, kw) dk1w + k2ϕε(sz, kw) d k2w
for all (z, w) ∈ G ′, ε = 1, . . . , q
are funtionally independent.
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The system of total dierential equations
dw1 = w1(1 + 2w2) dz + w1(1 + 2w2) d z,
dw2 = w2(w1 − 1) dz − w2(w2 + w1) d z
(1.28)
has the funtions (divX1(z, w) = 1 + 2w2, divX2(z, w) = 1 + 2w2 for all (z, w) ∈ C3)
P1 : (z, w1, w2)→
(
w1(1 + 2w2), 1 + 2w2
)
for all (z, w1, w2) ∈ C3
and
P2 : (z, w1, w2)→
(
w1(1 + 2w2), 1 + 2w2
)
for all (z, w1, w2) ∈ C3.
The Wronskians of the vetor funtions P1 and P2 with respet to z, z, w2, w1, and
w2 vanish identially on the C
3.
Therefore a neessary ondition for the total dierential system (1.28) to have an R-dif-
ferentiable autonomous (1,2)-ylindriality last multiplier is omplied (Theorem 1.9).
The salar funtion
ϕ : (z, w1, w2)→ − 1
w1
for all (z, w1, w2) ∈ C× Ω,
where Ω is a domain from the set {(w1, w2) : w1 6= 0}, is a solution to system of equations
(see (1.14) with Hl(z, w1, w2) = − divXl(z, w1, w2) for all (z, w1, w2) ∈ C3, l = 1, 2)
w1(1 + 2w2)ϕ = − (1 + 2w2), 2w1 ϕ = − 2, w1(1 + 2w2)ϕ = − (1 + 2w2).
Thus the total dierential system (1.28) has the last multiplier (Theorem 1.10)
µ : (z, w1, w2)→ 1
w1
for all (z1, w1, w2) ∈ C× Ω.
1.5. R-regular solutions of an algebrai equation have no movable nonalgebrai
R-singular point
R-holomorphi solutions of a ompletely solvable total dierential equation may have
R-singular points. In addition, we an distinguish two lasses of R-singular points of solutions:
an R-singular point of solutions of a ompletely solvable total dierential equation whose
position depends on the initial data determining a partiular solution is referred to as a
movable R-singular point; if the position is independent of the initial data, then the point is
alled a xed R-singular point.
Let us onsider the algebrai total dierential equation
Q(z, w) dw =
m∑
j=1
(
Pj(z, w) dzj + Pm+j(z, w) d zj
)
, (1.29)
where the funtions Q : G → C and Pl : G → C, l = 1, ..., 2m, G = D × C, are R-poly-
nomials in w (polynomials in w and w ) whose oeients are R-holomorphi in z in a
domain D ⊂ Cm and do not have ommon fators.
Denition 1.4. Equation (1.29) ompletely solvable in the domain G is said to be non-
degenerate if the rank of the matrix
P (z, w) =
∥∥∥∥∥ P1(z, w) . . . Pm(z, w) Pm+1(z, w) . . . P2m(z, w)Pm+1(z, w) . . . P 2m(z, w) P 1(z, w) . . . Pm(z, w)
∥∥∥∥∥
is equal to 2 almost everywhere in G and is said to be degenerate otherwise.
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By Denition 1.3, all R-holomorphi solutions of a degenerate ompletely solvable equa-
tion (1.29) are R-singular, and all R-singular solutions w = w(z) of a nondegenerate om-
pletely solvable equation (1.29) satisfy the ondition P (z, w) < 2.
Theorem 1.12. R-holomorphi solutions of a nondegenerate ompletely solvable total
dierential equation (1.29) have no movable nonalgebrai R-singular points.
Proof. Suppose the ontrary: let z0 ∈ D be a nonalgebrai movable R-singular point for
some solution w = w(z) of the total dierential equation (1.29), and let γ ⊂ D be the path
along whih the point z tends to z0 so that the solution w = w(z) is R-holomorphi on γ
everywhere exept for the point z0. We have two possible ases:
1) z0 is a transendental R-singular point;
2) z0 is a △-essentially R-singular point.
In the rst ase, the solution w = w(z) tends to some value w0 ∈ C along the path γ
as z → z0.
If w0 ∈ C , then we have two possibilities: a) the point w0 is not a root of the equation
Q(z0, w) = 0; (1.30)
b) the point w0 is a root of the equation (1.30).
By Theorem 1.1, in ase a) the ompletely solvable total dierential equation (1.29) has
a solution w = w˜(z) R-holomorphi in a neighborhood of the point z0 and satisfying the
initial ondition w˜(z0) = w0. Therefore, by Theorem 1.2, the solution w = w(z) oinides
with the solution w = w˜(z); onsequently, w = w(z) is R-holomorphi at the point z0.
Let us onsider ase b). Sine z0 is not a movable R-singular point of the nondegenerate
equation (1.29), we have rankP (z0, w0) = 2.
We have the following three ases:
b1) there exist indies k ∈ {1, ...,m} and τ ∈ {1, ...,m}, k < τ, suh that
P1k(z0, w0)P 1,m+τ (z0, w0)− P1τ (z0, w0)P 1,m+k(z0, w0) 6= 0; (1.31)
b2) there exist indies k ∈ {1, ...,m} and τ ∈ {m+ 1, ..., 2m} suh that
P1k(z0, w0)P 1,τ−m(z0, w0)− P1τ (z0, w0)P 1,m+k(z0, w0) 6= 0;
b3) there exist indies k ∈ {m+ 1, ..., 2m} and τ ∈ {m+ 1, ..., 2m}, k < τ, suh that
P1k(z0, w0)P 1,τ−m(z0, w0)− P1τ (z0, w0)P 1,k−m(z0, w0) 6= 0.
In ase b1), we rewrite the total dierential equation (1.29) in the form
Pk(z, w) dzk + Pτ (z, w) dzτ = Q(z, w) dw − Pm+k(z, w) d zk − Pm+τ (z, w) d zτ −
(1.32)
−
m∑
j=1, j 6=k, j 6=τ
(
Pj(z, w) dzj + Pm+j(z, w) d zj
)
.
By taking the onjugate of (1.32), we obtain the total dierential equation
Pm+k(z, w) dzk + Pm+τ (z, w) dzτ = Q(z, w) dw − P k(z, w) d zk − P τ (z, w) d zτ −
(1.33)
−
m∑
j=1, j 6=k, j 6=τ
(
Pm+j(z, w) dzj + P j(z, w) d zj
)
.
Treating Q and P l as the funtions
Q(z, w) = q(z, z, w,w ) and Pl(z, w) = pl(z, z, w,w ), l = 1, ..., 2m,
holomorphi in (z, z, w,w), to dierential system (1.32) ∪ (1.33) we assign the ompletely
solvable system of total dierential equations
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pk(t, x, y) dtk + pτ (t, x, y) dtτ = q(t, x, y) dx− pm+k(t, x, y) dtm+k − pm+τ (t, x, y) dtm+τ −
−
m∑
j=1, j 6=k, j 6=τ
(
pj(t, x, y) dtj + pm+j(t, x, y) dtm+j
)
,
(1.34)
pm+k(t, x, y) dtk + pm+τ (t, x, y) dtτ = q(t, x, y) dy − pk(t, x, y) dtm+k − pτ (t, x, y) dtm+τ −
−
m∑
j=1, j 6=k, j 6=τ
(
pm+j(t, x, y) dtj + pj(t, x, y) dtm+j
)
.
Taking into aount the omplex analog of the results from [24, pp. 75  80℄ and ondition
(1.31), we nd that there exists a unique holomorphi solution
tk = tk(t1, . . . , tk−1, tk+1, . . . , tτ−1, tτ+1, . . . , t2m, x, y),
tτ = tτ (t1, . . . , tk−1, tk+1, . . . , tτ−1, tτ+1, . . . , t2m, x, y),
of system (1.34) passing through the point (t0, x0, y0). Sine system (1.32) ∪ (1.33) is self-
adjoint, it follows that the equation (1.32) has R-holomorphi integral manifolds
zk − zk(z, w) = 0 and zτ − zτ (z, w) = 0
passing through the point (z0, w0). These manifolds are not determined by the equations
zk = z
0
k and zτ = z
0
τ , respetively, sine the funtion Q is not identially zero at the point
z0. Consequently, z0 is an algebrai R-singular point of the solution w = w(z).
Likewise, for ases b2) and b3) we an prove that z0 annot be a nonalgebrai R -sin-
gular point of the solution w = w(z).
Let w0 = ∞. Performing the transformation ξ = w−1, from the equation (1.29) we
obtain a nondegenerate ompletely solvable equation; all funtions ourring in this equation
are R-polynomials in ξ (polynomials in ξ and ξ ) whose oeients are R-holomorphi in
z in the domain D ⊂ Cm and have no ommon fators. Just as in the ase w0 ∈ C , we nd
that for the solution ξ = ξ(z) of this equation the point z0 is either an R-holomorphi point
or a ritial algebrai R-singular point. Therefore, the solution w = w(z) of the equation in
question has either an R-pole or a ritial R-pole at the point z0.
Thus, z0 is not a transendental R-singular point of the solution w = w(z) of the
ompletely solvable total dierential equation (1.29).
Let us now onsider the ase in whih z0 is a △-essential R-singular point. If there
exists at least one path γ ⊂ D that innitely approahes the point z0 and along whih the
solution w = w(z) tends to some limit, then, just as above, we an prove that this is either
an ordinary point or an algebrai point. Therefore, we assume that along any path γ ⊂ D
the solution w = w(z) does not tend to any limit as z → z0. On one of suh paths we hoose
a sequene of points
{
z(p)
}+∞
p=1
onverging to the point z0 as p→ +∞. The orresponding
sequene of values of w(z) has the form
{
w(p)
}+∞
p=1
. Sine any sequene of omplex numbers
ontains a subsequene onverging to some number w0 ∈ C, it follows that without loss of
generality we an assume that the sequene
{
w(p)
}+∞
p=1
itself onverges to w0.
Let w0 ∈ C. We onsider two possibilities: a) the point w0 is not a root of the equation
(1.30); b) the point w0 is a root of the equation (1.30).
By virtue of Theorem 1.1, in ase a) the total dierential equation (1.29) has the solution
w = w˜(p)(z) for w˜(p)
(
z(p)
)
= w(p), (1.35)
where w˜(p)(z) is a funtion R-holomorphi in a neighborhood of the point z0 provided that p
is a suiently large number. Therefore, by virtue of Theorem 1.1 and Corollary 1.1, the so-
lution w=w(z) oinides with the solution (1.35) and hene is R-holomorphi at the z0.
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Case b). The point z0 is not a xed R-singular point of solutions of the nondegenerate
equation (1.29); therefore, rankP (z0, w0) = 2. Just as in the rst ase, we onsider three
possibilities, b1), b2), and b3).
In ase b1), we onstrut the dierential system (1.32)∪ (1.33) and, using (1.31), onlude
that the total differential equation (1.29) has R-holomorphi integral manifolds
zk − z(p)k (z, w) = 0 and zτ − z(p)τ (z, w) = 0
passing through the point
(
z(p), w(p)
)
and suh that the funtions z
(p)
k (z, w) and z
(p)
τ (z, w)
are R-holomorphi in a neighborhood of the point (z0, w0) for suiently large p. We have
lim
p→+∞
z
(p)
k = z
0
k and limp→+∞
z
(p)
τ = z0τ .
Let γ0 be the path in the omplex plane w orresponding to the solution w = w(z) as
the point z goes along the path γ. The path γ an be hosen so that relations of the form
(1.31) are valid on γ and γ0 inluding the point (z0, w0). Then the funtions z
(p)
k (z, w)
and z
(p)
τ (z, w) are R-holomorphi along the path γ0 × γ for suiently large p.
Therefore, z
(p)
k (z0, w0) = z
0
k and z
(p)
τ (z0, w0) = z
0
τ for suiently large p.
Sine the funtions z
(p)
k (z, w) and z
(p)
τ (z, w) are R-holomorphi in a neighborhood of the
point (z0, w0) and the total differential equation (1.29) has a unique R-holomorphi solution
with the initial data (z0, w0), we nd that the identities
z
(p)
k (z, w) ≡ zk(z, w) and z(p)τ (z, w) ≡ zτ (z, w)
are valid for all suiently large p. Consequently, the solution w = w(z) is R-holomorphi
along the path γ exept for the point z and satises the equations
z − z(p)k (z, w) = 0 and z − z(p)τ (z, w) = 0.
Therefore, z0 is an algebrai point for this solution.
In a similar way, we an show that in ases b2) and b3) the point z0 annot be a
nonalgebrai R-singular point of the solution w = w(z).
Now let w0 =∞. Then, by setting ξ = w−1 in the total dierential equation (1.29), we
nd that the solution ξ = ξ(z) of the obtained equation has an algebrai R-singularity at the
point z0. Therefore, z0 is an algebrai point for the solution w = w(z) of the ompletely
solvable total dierential equation (1.29). The proof of the theorem is omplete.
2. System of rst-order partial dierential equations
2.1. R-dierentiable integrals and last multipliers
Consider a linear homogeneous system of rst-order partial dierential equations
Aj(z)u = 0, j = 1, . . . ,m, (2.1)
with not linearly bound [25, p. 105℄ dierential operators
Aj(z) =
n∑
ξ=1
(
ujξ(z)∂zξ + uj,n+ξ(z)∂zξ
)
for all z ∈ G, j = 1, . . . ,m,
where the salar funtions ujp : G→ C, j = 1, . . . ,m, p = 1, . . . , 2n, are R-dierentiable in
a domain G ⊂ Cn, the zj are the omplex onjugates of zj , j = 1, . . . ,m.
We begin with denitions. An R-dierentiable on a domain G ′⊂G funtion: i)F :G ′→C;
ii) f : G ′→ C; iii) µ : G ′→ C is alled i) a rst integral; ii) a partial integral; iii) a last mul-
tiplier of the partial dierential system (2.1) i i) AjF (z) = 0 for all z ∈ G ′, j = 1, . . . ,m;
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ii) Ajf(z) = Φj(f ; z) for all z ∈ G ′, where Φj(0; z) ≡ 0, j = 1, . . . ,m;
iii) Ajµ(z) = − µ(z) div uj(z) for all z ∈ G ′, where the vetor funtions
uj : z → (uj1(z), . . . , uj,2n(z)) for all z ∈ G, j = 1, . . . ,m.
The R-dierentiable rst integral F (partial integral f and last multiplier µ) of the
partial dierential system (2.1) is alled (n− k1, n− k2)-ylindriality [20; 26; 27℄ if
(i) F (f and µ) is holomorphi of n− k2 variables;
(ii) F (f and µ) is antiholomorphi of n− k1 variables.
2.1.1. (n − k1, n − k2)-ylindriality partial integrals. Suppose the system (2.1)
has an R-differentiable (n− k1, n− k2)-ylindriality partial integral
f : z → f(kz) for all z ∈ G ′, (2.2)
where k = (n− k1, n− k2). Without loss of generality it an be assumed that the funtion f
is an antiholomorphi funtion of zk1+1, . . . , zn and the funtion f is a holomorphi funtion
of z
ζk2+1
, . . . , z
ζn
, ζδ ∈ {1, . . . , n}, δ = k2 + 1, . . . , n.
Then, in aordane with the denition of a partial integral for the system (2.1),
Akj f(
kz) = Φj(f ; z) for all z ∈ G ′, j = 1, . . . ,m, (2.3)
where the linear dierential operators of rst order
A
k
j (z) =
k1∑
ξ=1
u
jξ
(z) ∂zξ +
k2∑
τ=1
u
jζτ
(z) ∂
zζτ
for all z ∈ G,
the indexes ζτ ∈ {1, . . . , n}, τ = 1, . . . , k2, the funtions
Φj(0; z) = 0 for all z ∈ G, j = 1, . . . ,m.
Let the system of identities (2.3) hold. Then the funtions from the sets{
uj1(z), . . . , ujk1(z), ujζ1(z), . . . , ujζk2
(z)
}
, j = 1, . . . ,m, (2.4)
are linearly bound on the integral manifold
f(kz) = 0. (2.5)
Therefore the Wronskians of the funtions from the sets (2.4) with respet to zγ , zζδ ,
γ = k1 + 1, . . . , n, δ = k2 + 1, . . . , n vanish identially on the manifold (2.5), i.e.,
Wzγ
(
λuj(z)
)
=
∗
Ψjγ(f ; z) for all z ∈ G, j = 1, . . . ,m, γ = k1 + 1, . . . , n,
(2.6)
W
zζδ
(
λuj(z)
)
=
∗∗
Ψjζδ(f ; z) for all z ∈ G, j = 1, . . . ,m, δ = k2 + 1, . . . , n,
where Wzγ and Wzζδ
are the Wronskians with respet to zγ and to zζδ respetively, the
funtions
∗
Ψjγ : G→ C,
∗∗
Ψjζδ : G→ C are R-dierentiable on the domain G and
∗
Ψjγ(0; z)≡0,
∗∗
Ψjζδ(0; z) ≡ 0, γ = k1+1, . . . , n, δ = k2+1, . . . , n, j = 1, . . . ,m, the number λ = k1+k2, the
funtions
λuj : z → (uj1(z), . . . , ujk1(z), uj ζ1(z), . . . , uj ζk2 (z)) for all z ∈ G, j = 1, . . . ,m.
Thus the following statements are valid.
Theorem 2.1. For the system of partial dierential equations (2.1) to have an R-diffe-
rentiable (n − k1, n − k2)-ylindriality partial integral of the form (2.2) it is neessary that
the system of identities (2.6) be onsistent.
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Corollary 2.1.For the linear homogeneous system of partial dierential equations (2.1) to
have an (n−k1, n)-ylindriality holomorphi partial integral of the form (2.2) it is neessary
that the system of identities (2.6) with k2 = 0 be onsistent.
Corollary 2.2. For the linear homogeneous system of partial dierential equations (2.1)
to have an (n, n − k2)-ylindriality antiholomorphi partial integral of the form (2.2) it is
neessary that the system of identities (2.6) with k1 = 0 be onsistent.
Let the system (2.1) satisfy onditions (2.6). Let us write out the system of equations
λϕ
(
λuj(z)
)T
= Hj(f ; z), j = 1, . . . ,m,
λϕ
(
∂lzγ
λuj(z)
)T
= ∂lzγHj(f ; z), l = 1, . . . , λ− 1, γ = k1 + 1, . . . , n, j = 1, . . . ,m, (2.7)
λϕ
(
∂l
zζδ
λuj(z)
)T
= ∂l
zζδ
Hj(f ; z), l = 1, . . . , λ− 1, δ = k2 + 1, . . . , n, j = 1, . . . ,m,
where the vetor funtions
k1ϕ : z → (ϕ1k1(kz), . . . , ϕk1k1(kz)), k2ϕ : z→(ϕ1k2(kz), . . . , ϕk2k2(kz)),
λϕ : z → (k1ϕ(z), k2ϕ(z)) for all z ∈ G,
the salar funtions Hj : G→ C are R-dierentiable on the domain G and Hj(0; z) = 0 for
all z ∈ G, j = 1, . . . ,m.
Let us introdue the Pfaan dierential equation
k1ϕ(kz) dk1z + k2ϕ(kz) d k2z = 0, (2.8)
where the vetor olumns dk1z = olon(dz1, . . . , dzk1), d
k2z = olon
(
d z
ζ1
, . . . , d z
ζk2
)
.
Theorem 2.2. A neessary and suient ondition for the partial dierential system (2.1)
to have at least one R-dierentiable partial integral of the form (2.2) is that the funtions
λϕ : G→ Cλ and Hj : G→ C, j = 1, . . . ,m, exist so that they satisfy system (2.7) and
(i) the Pfa equation (2.8) has an integrating fator;
(ii) the funtion (2.2) is a general integral of the Pfaan equation (2.8).
Proof. Neessity. Let the partial dierential system (2.1) have a R-dierentiable partial
integral of the form (2.2). Then the identity (2.3) holds. The vetor funtions
k1ϕ : z → ∂
k1z
f(kz) for all z ∈ G ′, k2ϕ : z → ∂
k2z
f(kz) for all z ∈ G ′,
where ∂
k1z
=(∂z1 ,. . ., ∂zk1), ∂k2z
=
(
∂
zζ1
,. . ., ∂
zζk2
)
, is a solution to system (2.7), whih an be
shown by differentiating (2.3) λ− 1 times with respet to zγ , γ = k1 + 1, . . . , n, and λ− 1
times with respet to z
ζδ
, δ = k2 + 1, . . . , n. Therefore the salar funtion (2.2) is a general
integral of the Pfaan dierential equation (2.8).
Suieny. Let
λϕ be a solution to system (2.7), and let the orresponding Pfa equation
(2.8) have an integrating fator µ : kz → µ(kz) and the orresponding general integral (2.2).
Then
∂
k1z
f(kz) − µ(kz) k1ϕ(kz) = 0, ∂
k2z
f(kz) − µ(kz) k2ϕ(kz) = 0. (2.9)
It follows from (2.7) and (2.9) that identity (2.3) is valid with
Φj(f ; z) = µ(
kz)Hj(f ; z) for all z ∈ G ′, j = 1, . . . ,m.
Consequently the funtion (2.2) is a partial integral of the system (2.1).
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Consider the linear homogeneous system of partial dierential equations
A1(z1, z2)u = 0, A2(z1, z2)u = 0, (2.10)
where the linear dierential operators of rst order
A1(z1, z2) = z1(z2+z1) ∂z1 +z2(z2+z1) ∂z2 +(z
2
1+z
2
2+z
2
1+z
2
2) ∂z1 +(z
2
1−z22+z 21−z 22) ∂z2 ,
A2(z1, z2) = z1(z1+ z2) ∂z1 + z2(z1+ z2) ∂z2 +(z
2
1− z22 + z 21− z 22) ∂z1 +(z21 + z22+ z 21+ z 22) ∂z2
for all (z1, z2) ∈ C2.
Let us nd a (0,2)-ylindriality holomorphi partial integral of system (2.10). The Wron-
skians of the sets of funtions U1 = {z1(z2+z1), z2(z2+z1)} and U2 = {z1(z1+z2), z2(z1+z2)}
with respet to z1 and z2 vanish identially on the spae C
2 :
W
z1
(z1(z2 + z1), z2(z2 + z1)) =
∣∣∣∣∣z1(z2 + z1) z2(z2 + z1)z1 z2
∣∣∣∣∣ = 0 for all (z1, z2) ∈ C2,
W
z2
(z1(z2 + z1), z2(z2 + z1)) = 0 for all (z1, z2) ∈ C2,
W
z1
(z1(z1 + z2), z2(z1 + z2)) =
∣∣∣∣∣z1(z1 + z2) z2(z1 + z2)z1 z2
∣∣∣∣∣ = 0 for all (z1, z2) ∈ C2,
W
z2
(z1(z1 + z2), z2(z1 + z2)) =
∣∣∣∣∣z1(z1 + z2) z2(z1 + z2)z1 z2
∣∣∣∣∣ = 0 for all (z1, z2) ∈ C2.
Therefore the neessary onditions for the partial dierential system (2.10) to have an
holomorphi partial integral is omplied (Corollary 2.1).
Let us write the funtional system (2.7):
z1(z2 + z1)ϕ1 + z2(z2 + z1)ϕ2 = (z1 + z2)(z2 + z1), z1 ϕ1 + z2 ϕ2 = z1 + z2,
z1(z1 + z2)ϕ1 + z2(z1 + z2)ϕ2 = (z1 + z2)(z1 + z2), z1 ϕ1 + z2 ϕ2 = z1 + z2,
where H1 : (z1, z2)→ (z1+z2)(z2+z1), H2 : (z1, z2)→ (z1+z2)(z1+z2) for all (z1, z2) ∈ C2.
The funtions ϕ1 : (z1, z2)→ 1 for all (z1, z2) ∈ C2, ϕ2 : (z1, z2)→ 1 for all (z1, z2) ∈ C2
is a solution to this system. The orresponding Pfaan dierential equation
dz1 + dz2 = 0
has the integrating fator µ : (z1, z2)→ 1 for all (z1, z2) ∈ C2 and the general integral
f : (z1, z2)→ z1 + z2 for all (z1, z2) ∈ C2. (2.11)
By Theorem 2.2, the funtion (2.11) is a holomorphi partial integral of system (2.10).
Theorem 2.3. Let h systems (2.7) have q not linearly bound solutions
λϕε : z → λϕε(kz) for all z ∈ G ′, ε = 1, . . . , q, (2.12)
for whih the orresponding Pfaan dierential equations
k1ϕε(kz) dk1z + k2ϕε(kz) d k2z = 0, ε = 1, . . . , q (2.13)
have the general R-dierentiable integrals fε : z → fε(kz) for all z ∈ G ′, ε = 1, . . . , q. Then
these integrals are funtionally independent.
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Proof. Using (2.9), we have
∂
k1z
fε(
kz) = µε(
kz) k1ϕε(kz), ∂
k2z
fε(
kz) = µε(
kz) k2ϕε(kz) for all z ∈ G′, ε = 1, . . . , q.
Therefore the Jaobi matrix J(fε(
kz); kz) =
∥∥k1Φ(kz) k2Φ(kz)∥∥, where k1Φ = ∥∥µεϕεξk1∥∥ is
a (q × k1)-matrix, k2Φ =
∥∥µεϕετk2∥∥ is a (q × k2)-matrix. Sine the solutions (2.12) are
not linearly bound, it follows that rankJ(fε(
kz); kz) = q. Thus the general integrals of the
Pfaan dierential equations (2.13) are funtionally independent.
2.1.2. (n− k1, n− k2)-ylindriality rst integrals. Let the funtion
F : z → F (kz) for all z ∈ G ′ (2.14)
be an R-dierentiable (n− k1, n− k2)-ylindriality rst integral of system (2.1).
Then, in aordane with the riteria of an R-dierentiable rst integral,
Akj F (
kz) = 0 for all z ∈ G ′, j = 1, . . . ,m.
Hene the Wronskians of the funtions from the sets (2.4) vanish identially on the domain
G, i.e., the system of identities (2.6) with
∗
Ψjγ(z) =
∗∗
Ψjζδ(z) = 0, γ = k1 + 1, . . . , n, δ = k2 + 1, . . . , n, j = 1, . . . ,m, (2.15)
is onsistent in G. Indeed, we obtain the following assertions.
Theorem 2.4. For the partial dierential system (2.1) to have an (n− k1, n− k2)-ylind-
riality rst integral of the form (2.14) it is neessary that (2.6) with (2.15) be onsistent.
Corollary 2.3. For the linear homogeneous system of partial dierential equations (2.1)
to have a holomorphi (n−k1, n)-ylindriality rst integral of the form (2.14) it is neessary
that the system of identities (2.6) with (2.15) and k2 = 0 be onsistent.
Corollary 2.4. For the linear homogeneous system of partial dierential equations (2.1)
to have an antiholomorphi (n, n − k2)-ylindriality rst integral of the form (2.14) it is
neessary that the system of identities (2.6) with (2.15) and k1 = 0 be onsistent.
The proof of the following statements is similar to those of Theorems 2.2 and 2.3.
Theorem 2.5.For the system (2.1) to have at least one rst integral of the form (2.14) it
is neessary and suient that there exist funtions
λϕ satisfying to system (2.7) with Hj≡0,
j=1, . . . ,m, that the funtion (2.14) is a general integral of the Pfaan equation (2.8).
Theorem 2.6. Let the system (2.7) with Hj ≡ 0, j=1, . . . ,m has q not linearly bound
solutions (2.12) suh that the orresponding Pfa equations (2.13) have the general integrals
Fε : z → Fε(kz) for all z∈G ′, ε=1, . . . , q. Then these integrals are funtionally independent.
As an example, onsider the linear homogeneous system of partial dierential equations
A1(z1, z2)u = 0, A2(z1, z2)u = 0, (2.16)
where the linear dierential operators of rst order
A1(z1, z2) = z1z2 ∂z1 + (z
2
2 + z
2
1) ∂z2 + (z1 − z22 + z 21 + z 22) ∂z1 − z21 ∂z2 for all (z1, z2) ∈ C2,
A2(z1, z2) = z
2
2 ∂z1 + (z1 + z
2
2 + z
2
1 + z
2
2) ∂z2 + (z
2
2 + z 1) ∂z1 − z1z2 ∂z2 for all (z1, z2) ∈ C2.
Let us nd a (1,1)-ylindriality rst integral of system (2.16) . The Wronskians of the
sets of funtions U1 = {z1z2, − z21} and U2 = {z 22, − z1z2} with respet to z2 and z1
vanish identially on the spae C
2. Therefore the neessary onditions for system (2.16) to
have an R-differentiable (1,1)-ylindriality rst integral is omplied (Theorem 2.4).
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Let us write the funtional system (2.7) with H1 ≡ 0, H2 ≡ 0:
z1z2 ϕ1 − z21 ϕ2 = 0, z 22 ϕ1 − z1z2 ϕ2 = 0,
∂z
2
(z1z2)ϕ1 + ∂z2(− z21)ϕ2 = 0, ∂z2(z 22)ϕ1 + ∂z2(− z1z2)ϕ2 = 0,
∂
z1
(z1z2)ϕ1 + ∂z1
(− z21)ϕ2 = 0, ∂z1 (z
2
2)ϕ1 + ∂z1
(− z1z2)ϕ2 = 0.
This system is redued to the equation z2 ϕ1 − z1 ϕ2 = 0. The salar funtions
ϕ1 : (z1, z2)→ z1 for all (z1, z2) ∈ C2, ϕ2 : (z1, z2)→ z2 for all (z1, z2) ∈ C2
is a solution to this equation. The orresponding Pfaan dierential equation
z1 dz1 + z2 d z2 = 0
has the general integral (Theorem 2.5)
F : (z1, z2)→ z21 + z 22 for all (z1, z2) ∈ C2. (2.17)
Sine the Poisson braket[
A1(z1, z2),A2(z1, z2)
]
= − z2(z21 + z 22) ∂z1 + (− 2z1z2 + 2z1z1 + z1z2 + 2 z 21 − 2z21 z2 −
− 2z2 z 22 − 4z22 z1 + 2 z1z 22 + 2 z 31 ) ∂z2 + (z1 + 2z1z2 − z22 − z 21 + 2z1 z 22 + 4z32 +
+ 4z2 z
2
1 + 2z2 z
2
2 − 2z22 z1) ∂z1 + z1(z21 + z 22) ∂z2 for all (z1, z2) ∈ C2,
is not a linear ombination on the spae C
2
of the operators A1 and A2, we see that the
linear homogeneous partial dierential system (2.16) is not omplete.
Thus the R-dierentiable (1,1)-ylindriality rst integral (2.17) is an integral basis on
the spae C
2
of the inomplete system of partial dierential equations (2.16).
2.1.3. (n− k1, n−k2)-ylindriality last multipliers. Suppose the system (2.1) has
an (n− k1, n− k2)-ylindriality R-differentiable on the domain G ′ last multiplier
µ : z → µ(kz) for all z ∈ G ′. (2.18)
Then, in aordane with the riteria of an R-differentiable last multiplier,
Akj µ(
kz) + µ(kz) div uj(z) = 0 for all z ∈ G ′, j = 1, . . . ,m. (2.19)
Using the methods of Subsubsetion 2.1.1, we get the following statements.
Theorem 2.7. For the partial dierential system (2.1) to have an R-differentiable last
multiplier of the form (2.18) it is neessary that the system of identities
Wzγ
(
λuj(z),div uj(z)
)
= 0 for all z ∈ G, j = 1, . . . ,m, γ = k1 + 1, . . . , n,
(2.20)
W
zζδ
(
λuj(z),div uj(z)
)
= 0 for all z ∈ G, j = 1, . . . ,m, δ = k2 + 1, . . . , n,
be onsistent on the domain G.
Corollary 2.5. For the system (2.1) to have a holomorphi (n − k1, n)-ylindriality last
multiplier of the form (2.18) it is neessary that (2.20) with k2 = 0 be onsistent.
Corollary 2.6. For the system (2.1) to have an antiholomorphi (n, n−k2)-ylindriality
last multiplier of the form (2.18) it is neessary that (2.20) with k1 = 0 be onsistent.
Theorem 2.8. For the system (2.1) to have at least one last multiplier of the form (2.18)
it is neessary and suient that there exist funtion
λϕ satisfying system (2.7) with
Hj : z → − div uj(z) for all z ∈ G, j = 1, . . . ,m, (2.21)
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suh that the Pfaan equation (2.8) has the integrating fator ν : kz → 1 for all z ∈ G ′; in
this ase the last multiplier is given by
µ : z → exp g(kz) for all z ∈ G ′, (2.22)
where the funtion g : z → ∫ k1ϕ(kz) dk1z + k2ϕ(kz) d k2z for all z ∈ G ′.
Proof. Neessity. Let the funtion (2.18) be an (n− k1, n− k2)-ylindriality R-differen-
tiable last multiplier of the partial dierential system (2.1). Then the vetor funtions
k1ϕ : z → ∂
k1z
lnµ(kz) for all z ∈ G ′, k2ϕ : z → ∂
k2z
lnµ(kz) for all z ∈ G ′
are a solution to system (2.7). This implies that the funtion ν : kz → 1 for all z ∈ G ′ is an
integrating fator of the Pfaan dierential equation (2.8).
Suieny. Let
λϕ be a solution to system (2.7) with (2.21) and let ν : kz → 1 be an
integrating fator of the orresponding Pfaan dierential equation (2.8). Then
∂
k1z
g(kz) − k1ϕ(kz) = 0, ∂
k2z
g(kz) − k2ϕ(kz) = 0.
Using (2.7) with (2.21), we have the identity (2.19) is valid. This yields that the salar
funtion (2.22) is a last multiplier of the partial dierential system (2.1).
For example, onsider the linear homogeneous system of partial dierential equations
A1(z1, z2)u = 0, A2(z1, z2)u = 0, (2.23)
where the linear dierential operators A1(z1, z2) = z2 z2 ∂z1 + z
2
1 ∂z2 + z1 z2 ∂z1+ z1z2 ∂z2 for
all (z1, z2) ∈ C2, A2(z1, z2) = z 22 ∂z1 + z 21 ∂z2 + z2 z2 ∂z1+ z1 z2 ∂z2 for all (z1, z2) ∈ C2.
Let us nd a (2,1)-ylindriality antiholomorphi last multiplier of system (2.23).
The divergenes div u1(z1, z2) = ∂z1(z2 z2) + ∂z2(z
2
1) + ∂z1 (z1 z2) + ∂z2 (z1z2) = z1 and
divu2(z1, z2) = ∂z1(z
2
2) + ∂z2(z
2
1) + ∂z1 (z2 z2) + ∂z2 (z1 z2) = z1 for all (z1, z2) ∈ C2.
The Wronskians of the sets of funtions U1 = {z1z2, z1} and U2 = {z1z2, z1} with respet
to z1, z2, and z1 vanish identially on the spae C
2.
Therefore the neessary onditions for system (2.23) to have a (2,1)-ylindriality antiholo-
morphi last multiplier is omplied (Corollary 2.6). Let us write the system (2.7) with (2.21):
z1z2 ϕ1 = − z1, z1z2 ϕ1 = − z1, z2 ϕ1 = − 1. (2.24)
The funtion ϕ1 : (z1, z2)→ −
1
z2
for all (z1, z2) ∈ G ′, where a domain G ′⊂{(z1, z2) : z2 6=0},
is a solution to the system (2.24). By Theorem 2.8, the funtion
µ : (z1, z2)→
1
z2
for all (z1, z2) ∈ G ′
is a (2,1)-ylindriality antiholomorphi last multiplier on the domain G ′ of system (2.23).
Theorem 2.9. Let the system (2.7) with (2.21) has q not linearly bound solutions (2.12)
for whih the orresponding Pfaan dierential equations (2.13) have the integrating fators
νε(
kz) = 1 for all z ∈ G ′, ε = 1, . . . , q. Then the last multiplies
µε : z → exp
∫
k1ϕε(kz) dk1z + k2ϕε(kz) d k2z for all z ∈ G ′, ε = 1, . . . , q
of system (2.1) are funtionally independent.
The idea of the proof of Theorem 2.9 is similar to that one in Theorem 2.3.
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2.2. First integrals of linear homogeneous system with R-linear oeients
Let us onsider a linear homogeneous system of rst-order partial dierential equations
Lj(z)w = 0, j = 1, . . . ,m, (2.25)
where the oeients of the linear dierential operators
Lj(z) =
n∑
ξ=1
(
a
jξ
(z) ∂zξ + aj,n+ξ(z) ∂zξ
)
for all z ∈ Cn, j = 1, . . . ,m,
are the R-linear [2, p. 21℄ funtions
ajk : z →
n∑
τ=1
(
ajkτ zτ + ajk,n+τ zτ
)
for all z ∈ Cn (a
jkl
∈ C, l, k=1, . . . , 2n, j=1, . . . ,m).
Assume that the system (2.25) is related by the onditions in terms of the Poisson brakets[
Lj(z),Lζ(z)
]
= O for all z ∈ Cn, j = 1, . . . ,m, ζ = 1, . . . ,m, (2.26)
where O is the null operator, i.e., the system (2.25) is jaobian [17, p. 523; 19, pp. 38  40℄.
An integral basis of the jaobian system (2.25) is 2n−m (the proof is similar to that one
in [28, p. 70℄) funtionally independent R-dierentiable rst integrals of system (2.25).
In this Subsetion we study Darboux's problem of nding rst integrals in ase that partial
integrals are known [29℄. Using method of partial integrals [18; 19, pp. 161  311; 30  33℄,
we obtain the spetral method [9℄ for building rst integrals of the jaobian system (2.25).
2.2.1. R-linear partial integral. The R-linear funtion
p : z →
n∑
ξ=1
(
b
ξ
z
ξ
+ b
n+ξ
z
ξ
)
for all z ∈ Cn (bl ∈ C, l = 1, . . . , 2n)
is a partial integral of the system (2.25) if and only if
L
j
p(z) = p(z)λj for all z ∈ Cn, λj ∈ C, j = 1, . . . ,m.
This system of identities is equivalent to the linear homogeneous system(
Aj − λjE
)
b = 0, j = 1, . . . ,m, (2.27)
where Aj = ‖ajkl‖, j = 1, . . . ,m are 2n × 2n-matries, E is the 2n × 2n identity matrix,
b = olon(b1, . . . , b2n) is a vetor olumn.
The onditions (2.26) for the partial dierential system (2.25) are equivalent
AjAζ = AζAj , j = 1, . . . ,m, ζ = 1, . . . ,m.
Then there exists a relation [34, pp. 193  194; 35℄ between eigenvetors and eigenvalues
of the matries Aj , j = 1, . . . ,m.
Lemma 2.1. Let ν ∈ C2n be a ommon eigenvetor of the matries Aj , j = 1, . . . ,m.
Then the funtion p : z → νγ for all z ∈ Cn, where γ = olon(z1, . . . , zn, z1, . . . , zn), is an
R-linear partial integral of the system of partial dierential equations (2.25).
Proof. If ν is a ommon eigenvetor of the matries Aj, j = 1, . . . ,m, then ν is a
solution to system (2.27), where λj is an eigenvalue of the matrix Aj orresponding to the
eigenvetor ν. Therefore we obtain the identities
Lj νγ = λ
j νγ for all z ∈ Cn, j = 1, . . . ,m.
Thus the R-linear funtion p : z → νγ for all z∈Cn is a partial integral of system (2.25).
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2.2.2. R-dierentiable rst integrals
Theorem 2.10. Let νθ, θ = 1, . . . ,m + 1, be ommon eigenvetors of the matries Aj,
j = 1, . . . ,m. Then the system (2.25) has the R-dierentiable rst integral
F : z →
m+1∏
θ=1
(
νθγ
)hθ
for all z ∈ Ω, Ω ⊂ D(F ), (2.28)
where h1, . . . , hm+1 is a nontrivial solution to the system
m+1∑
θ=1
λjθ hθ = 0, j = 1, . . . ,m,
and λjθ are the eigenvalues of the matries Aj , j = 1, . . . ,m, orresponding to the ommon
eigenvetors νθ, θ = 1, . . . ,m+ 1, respetively.
Proof. Suppose νθ are ommon eigenvetors of the matries Aj orresponding to the
eigenvalues λjθ, j = 1, . . . ,m, θ = 1, . . . ,m+ 1, respetively.
By Lemma 2.1, it follows that the R-linear funtions
pθ : z → νθγ for all z ∈ Cn, θ = 1, . . . ,m+ 1,
are partial integrals of the system of partial dierential equations (2.25). Hene,
L
j
νθγ = λjθ ν
θγ for all z ∈ Cn, j = 1, . . . ,m, θ = 1, . . . ,m+ 1. (2.29)
We form the funtion
F : z →
m+1∏
θ=1
(
νθγ
)hθ
for all z ∈ Ω,
where Ω is a domain (open arwise onneted set) in Cn and hθ, θ = 1, . . . ,m + 1, are
omplex numbers with
m+1∑
θ=1
|hθ| 6= 0. The Lie derivative of F by virtue of (2.25) is equal to
L
j
F (z) =
m+1∏
θ=1
(
νθγ
)hθ−1 m+1∑
θ=1
hθ
m+1∏
l=1,l 6=θ
(νlγ) L
j
νθγ for all z ∈ Ω, j = 1, . . . ,m.
Using (2.29), we have
L
j
F (z) =
m+1∑
θ=1
λjθ hθ F (z) for all z ∈ Ω, j = 1, . . . ,m.
If
m+1∑
θ=1
λjθ hθ = 0, j = 1, . . . m, then the funtion (2.28) is an R-dierentiable rst integral
of the linear homogeneous system of partial dierential equations (2.25).
Corollary 2.7. Let νθ be ommon eigenvetors of the matries Aj orresponding to the
eigenvalues λjθ, j = 1, . . . ,m, θ = 1, . . . ,m + 1, respetively. Then the linear homogeneous
system of partial dierential equations (2.25) has the R-dierentiable rst integral
F12...m(m+1) : z →
m∏
θ=1
(
νθγ
)−δθ(νm+1γ)δ for all z ∈ Ω, Ω ⊂ D(F12...m(m+1)),
where the determinants δθ, θ = 1, . . . ,m are obtained by replaing the θ-th olumn of the
determinant δ =
∣∣λjθ∣∣ by colon(λ1m+1, . . . , λmm+1), respetively.
For example, the linear homogeneous system of rst-order partial dierential equations
− z1 ∂z1w+ z2 ∂z2w+ z2 ∂z1w+ z1 ∂z2w = 0, 2(z1+ z2) ∂z2w+ z2 ∂z1w+ z2 ∂z2w = 0 (2.30)
has the ommuting matries
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A1 =
∥∥∥∥∥∥∥∥
−1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
∥∥∥∥∥∥∥∥ and A2 =
∥∥∥∥∥∥∥∥
0 0 0 0
0 0 1 1
0 2 0 0
0 2 0 0
∥∥∥∥∥∥∥∥ .
Therefore the system of partial dierential equations (2.30) is jaobian.
The matries A1 and A2 have the eigenvalues λ
1
1= 1, λ
1
2 = λ
1
3 = −1, λ14= 1, and λ21= −2,
λ22 = λ
2
3 = 0, λ
2
4 = 2 orresponding to the eigenvetors ν
1 = (0,−1, 1, 1), ν2 = (1, 0, 0, 0),
ν3 = (0, 0, 1, − 1), ν4=(0, 1, 1, 1), respetively.
The solution to the system h11−h12−h13 = 0, −2h11 = 0 is h11 = 0, h12 = −1, h13 = 1.
The solution to the linear homogeneous system h21 − h22 + h24 = 0, − 2h21 + 2h24 = 0
is h21 = 1, h22 = 2, h24 = 1.
The R-dierentiable funtions (by Theorem 2.10)
F1 : (z1, z2)→ z1 − z2
z1
for all (z1, z2) ∈ Ω (2.31)
and
F2 : (z1, z2)→ z21
(
z22 − (z1 + z2)2
)
for all (z1, z2) ∈ C2, (2.32)
where a domain Ω ⊂ {(z1, z2) : z1 6= 0}, are rst integrals of the system (2.30).
The R-dierentiable rst integrals (2.31) and (2.32) are an integral basis of the jaobian
linear homogeneous system of rst-order partial dierential equations (2.30).
From the entire set of partial dierential equations (2.25), we extrat the equation
Lζ(z)w = 0, ζ ∈ {1, . . . ,m}, (2.25.ζ)
suh that the matrix Aζ has the smallest number of elementary divisors [34, p. 147℄.
Denition 2.1. Let ν0l be an eigenvetor of the matrix Aζ orresponding to the eigen-
value λζl with elementary divisor of multipliity sl. A non-zero vetor ν
ηl ∈ C2n is alled a
generalized eigenvetor of order η for λζl if and only if
(Aζ − λζlE) νηl = η νη−1,l, η = 1, . . . , sl − 1, (2.33)
where E is the 2n× 2n identity matrix.
Using Lemma 2.1 and (2.33), we obtain
Lζ ν
0lγ = λζl ν
0lγ for all z ∈ Cn,
(2.34)
Lζ ν
ηlγ = λζl ν
ηlγ + η νη−1, lγ for all z ∈ Cn, η = 1, . . . , sl − 1.
The following lemma is needed for the sequel.
Lemma 2.2. Let ν0l be a ommon eigenvetor of the matries Aj orresponding to
the eigenvalues λjl , j = 1, . . . ,m, respetively. Let ν
ηl, η = 1, . . . , sl − 1 be generalized
eigenvetors of the matrix Aζ orresponding to the eigenvalue λ
ζ
l with elementary divisor of
multipliity sl (sl > 2). If the partial dirential equation (2.25.ζ) hasn't the rst integrals
F ζjηl : z → Aj Ψζηl(z) for all z ∈ Ω, j = 1, . . . ,m, j 6= ζ, η = 1, . . . , sl − 1, (2.35)
then
Lζ Ψ
ζ
ηl(z) =
[
1 for all z ∈ Ω, η = 1,
0 for all z ∈ Ω, η = 2, . . . , sl − 1,
(2.36)
Lj Ψ
ζ
ηl(z) = µ
jζ
ηl = const for all z ∈ Ω, j = 1, . . . ,m, j 6= ζ, η = 1, . . . , sl − 1,
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where Ψζηl : Ω→ C, η = 1, . . . , sl − 1, is a solution to the system
ν ηlγ =
η∑
δ=1
(
η−1
δ−1
)
Ψζδl(z) ν
η−δ,lγ, η = 1, . . . , sl − 1, Ω ⊂ {z : ν0lγ 6= 0}. (2.37)
Proof. The system (2.37) has the determinant (ν0lγ)sl−1. Therefore there exists the
solution Ψζηl, η = 1, . . . , sl − 1 on a domain Ω ⊂ {z : ν0lγ 6= 0} of system (2.37).
The proof of the lemma is by indution on sl.
For sl = 2 and sl = 3, the assertion (2.36) follows from (2.34).
Assume that (2.36) for sl = ε is true. Using (2.34) and (2.37), we get
Lζ ν
εlγ = λζl
ε∑
δ=1
(
ε−1
δ−1
)
Ψζδl(z) ν
ε−δ, lγ + (ε− 1)
ε−1∑
δ=1
(
ε−2
δ−1
)
Ψζδl(z) ν
ε−δ−1, lγ +
+ νε−1, lγ + ν0lγ LζΨ
ζ
εl(z) for all z ∈ Ω.
Combining (2.37) for η = ε−1 and η = ε, (2.34) for η = ε, and ν0lγ 6≡ 0 in Cn, we obtain
Lζ Ψ
ζ
εl(z) = 0 for all z ∈ Ω.
So by the priniple of mathematial indution, the statement (2.36) is true for every
natural number sl > 2 and ζ ∈ {1, . . . ,m}.
Taking into aount (2.32) and (2.35), we have the statement (2.36) is true for j 6= ζ.
Theorem 2.11. Let the assumptions of Lemma 2.2 with l = 1, . . . r
( r∑
l=1
sl > m + 1
)
hold. Then the jaobian system (2.25) has the R-dierentiable rst integral
F : z →
α∏
ξ=1
(
ν0ξγ
)h0ξ exp εξ∑
q=1
hqξΨ
ζ
qξ(z) for all z ∈ Ω, Ω ⊂ D(F ), (2.38)
where
α∑
ξ=1
εξ = m−α+1, εξ 6 sξ−1, ξ = 1, . . . , α, α 6 r, and hqξ, q=0, . . . , εξ, ξ=1, . . . , α
is a nontrivial solution to the linear homogeneous system of equations
α∑
ξ=1
(
λjξ h0ξ +
εξ∑
q=1
µjζqξ hqξ
)
= 0, j = 1, . . . ,m.
Proof. The Lie derivative of the funtion (2.38) by virtue of (2.25) is equal to
Lj F (z) =
α∑
ξ=1
(
λjξh0ξ +
εξ∑
q=1
µjζqξhqξ
)
F (z) for all z ∈ Ω, j = 1, . . . ,m.
If
α∑
ξ=1
(
λjξh0ξ +
εξ∑
q=1
µjζqξhqξ
)
= 0, j = 1, . . . ,m, then the R-dierentiable funtion (2.38) is
a rst integral of the jaobian system of partial dierential equations (2.25).
As an example, the jaobian linear homogeneous system of partial dierential equations
z2 ∂z1w + (2z2 − z1 − z2) ∂z2w + (z1 − z2) ∂z1w + (− z1 + 2z1 + 2z2) ∂z2w = 0,
(2.39)
(2z1 − z1) ∂z1w+ (− z1 +2z2 + z2) ∂z2w+ (− z1 +3z1 + z2) ∂z1w+ (z2 − 3z1 + z2) ∂z2w = 0
has the eigenvalue λ11 = 1 with elementary divisor (λ
1−1)4 orresponding to the eigenvetor
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ν0 = (−1, 1,−1, 0) and to the generalized eigenvetors ν1 = (1, 0,−1,−1), ν2 = (1,−1, 3, 0),
ν3 = (− 3, 0, 9, 9). The R-dierentiable funtions (see the funtional system (2.37))
Ψ111 : (z1, z2)→
z1 − z1 − z2
− z1 + z2 − z1 for all (z1, z2) ∈ Ω,
Ψ121 : (z1, z2)→
(− z1 + z2 − z1)(z1 − z2 + 3z1)− (z1 − z1 − z2)2
(− z1 + z2 − z1)2 for all (z1, z2) ∈ Ω,
Ψ131 : (z1, z2)→
1
(− z1 + z2 − z1)3
(
(− 3z1 + 9z1 + 9z2)(− z1 + z2 − z1)2−
− 3(− z1 + z2 − z1)(z1 − z1 − z2)(z1 − z2 + 3z1) + 2(z1 − z1 − z2)3
)
for all (z1, z2) ∈ Ω,
where a domain Ω ⊂ {(z1, z2) : z1 − z2 + z1 6= 0}.
The rst integrals (by Theorem 2.11) of the jaobian system (2.39)
F1 : (z1, z2)→ Ψ121(z1, z2) for all (z1, z2) ∈ Ω
and
F2 : (z1, z2)→ (− z1 + z2 − z1)2 exp
(− 2Ψ111(z1, z2)−Ψ131(z1, z2)) for all (z1, z2) ∈ Ω
are a basis of rst integrals on the domain Ω of system (2.39).
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